Function Theory of a Complex Variable (E2): Exercise sheet 1

1.
2.

10.

For z = z + iy (with z,y € R), find the real and imaginary parts of 2

z+1
Prove that
zZ—w
—|=1
1—z2w
if either |z| =1 or |w| = 1. What exception must be made if |z| = |w| = 17
. Check the parallelogram law: for z,w € C,

|z — w[Q +|z+ w[Q =2 (]2\2 + \w[2) )

. Prove Lagrange’s identity in complex form: for z;,w; € C,i=1,...,n,
n 2 n n
2: Z 2 Z 2 Z _ _ 9
ZiWwi| = ’Zz’ ]wz| — |ZZ"U}j - iji‘ .
i=1 i=1 i=1 1<i<j<n
. Calculate the cube roots of 1.

. Describe geometrically the sets of points z in the complex plane defined by the following
relations:
(a) |z — zl| = |z — 22|, where 21, 23 € C.
(b) 1/z =
(c) Re(z) > ¢, where ¢ € R.
(d) |z[ = Re(2) + 1.

For z = z + iy, w = u + iv (where z,y,u,v € R), define the R? inner product by
(z,w) = zu + yv, and the Hermitian inner product by (z,w) = zw. Show that

(z,w) = (z,w)—;—(w,z) = Re((z,w)).

. Let x € Ry be such that (z,z,z) lies on the Riemann sphere. What are the absolute

values of 7(x,z,z) and 7(x,z, —x), where 7 is the stereographic projection?

. Recall that if 771(2) = (21,72, 73) and 77 1(2/) = (2], xh,2%) for z,2" € Cy, where 7 is

the stereographic projection, then we define the spherical distance between z and 2’ by
setting

d(z, ') = (@1 — 25)2 + (22 — 25) + (23 — )2,
Check that for z, 2z’ € C this can alternatively be written
2|z — 2|
VA+ P A+ [P

Moreover, show that if z € C and 2z’ = oo, then

d(z,7') =

2
V1+2)2

Show that z and 2’ correspond to diametrically opposite points on the Riemann sphere if
and only if 2z’ = —1 (where the latter equality should be considered to hold for {z,2'} =

{0, 00}).

d(z,2") =



